The purpose of this paper is to investigate a multiple ship routing and speed 
Introduction 1
Ships travel slower than the other transportation modes. As long-distance 2 trips may typically last one to two months, the benefits of a higher ship speed 3 mainly entail the economic added value of faster delivery of goods, lower inven-4 tory costs and increased trade throughput per unit time. However, fast ship 5 speeds entail increased emissions as the latter are proportional to fuel burned, 6 which is an increasing function of ship speed. At the same time, the above bene-7 fits may become elusive whenever shipping markets are depressed and whenever 8 fuel prices are on the increase. In such situations, ships tend to slow down, and 9 slow steaming is a prevalent practice.
10
Because of the non-linear relationship between ship speed and fuel consump-11 tion, a ship that goes slower will burn much less fuel and produce much fewer 12 emissions than the same ship going faster. Hence speed reduction is a tool that In the charter (tramp) market, those who pay for the fuel, that is, the ship 18 owner whose ship trades on the spot market, or the charterer if the ship is 19 on time or bare-boat charter, will typically choose ship speed as a function of 20 two main input parameters: (i) the fuel price and (ii) the market freight rate.
21
In periods of depressed market conditions, as is the typical situation in recent factor the average weather conditions the ship expects along its route into the 68 fuel consumption function.
69
A related issue that we do not consider in this paper is the integration of 70 risk and ship load monitoring data in the decision making process for optimal 71 ship routing. Related research considers the impact of weather variables on ship 72 safety attributes along a ships route. These include a ships structural integrity, 73 the safety of the passengers, and possibly others. For an exposition see [3] .
74
The rest of this paper is organized as follows. Section 2 discusses how some 75 problem parameters that are considered important are treated in the literature.
76
Section 3 describes the problem and Section 4 develops two mathematical formu-77 lations for it, a set partitioning formulation and a compact formulation. Section 
where G > 0, P ≥ 0 and T ≥ 3 are ship related constants, and A is the at the origin ports in a 'just-in-time' fashion.
187
The objective of this problem is to minimize the total cost over all route 188 legs. Three cost components are considered: fuel costs, cargo inventory costs 189 and time charter costs.
190
As pointed out in [13] , for a single ship and a given route, the total cost of 
The optimal speed v 
Mathematical Formulations

201
We can define a problem with n cargoes and m ships on a graph G = (N, E),
202
where N is the set of all the nodes and E is the set of feasible arcs in the graph. can be reached from node i, and can reach node i respectively.
211
For each node i, let H i denote the amount of cargo to be loaded, H i > 0
212
for i ∈ P , and Let the binary decision variable x k ij be 1 if ship k ∈ K sails from node i ∈ N to j ∈ N and 0 otherwise. Let auxiliary variablev k ij denote the optimal speed from (3) for ship k on leg (i, j), and let the decision variable v k ij be the actual sailing speed of ship k when sailing from node i to j. The variable q k i represents the load of ship k after loading/unloading cargo at node i. For the purpose of evaluating the total cost of ship k on leg (i, j), we need to keep track on the total weight of cargo not yet picked up while ship sails on each leg. We therefore define variable t k as the total weight ship k delivers on the entire route, and variable h k i as the total weight ship k has already delivered after loading/unloading at node i. The total weight of the cargo waiting to be picked up by ship k after visiting node i is t k − h k i . Finally, let u i be the sequence variable used to eliminate subtours.
k∈K j∈N
The objective (4) minimizes the total cost of all the route legs. Constraints
222
(5) make sure that each cargo is delivered by exactly one ship. Constraints 
241
The problem can then be formulated as follows:
The objective is to minimize the cost of the selected routes in such way that 243 each cargo is delivered (24) and each ship is assigned to at most one route (25).
244
The LP relaxation of the set partitioning formulation will always provide The LP relaxation of the problem (denoted by LP-SP) can be obtained by relaxing the binary constraints (26) as follows:
The CG starts by solving a restricted LP-SP, called the master problem, where 
263
Finding the route with the lowestĉ k r is done by solving a pricing problem. In our case, the pricing problem is an elementary shortest path problem with capacity, pickup and delivery, variable speed and variable arc costs, in which the speed and cost of each arc varies as the route sequence varies. Here we examine how to define the speed and arc cost in the shortest path problem related to ship k ∈ K. For a given route r ∈ R k , the speed of leg (i, j) in route r is defined
and w ijr and u ijr are the payload and the weight to be picked up during leg (i, j) in route r. The cost of leg (i, j) in a route r in the pricing problem is calculated asĉ
where
By using the above defined arc costĉ k ijr , the cost of route r will equal the 264 reduced cost of the corresponding variable.
265
The resource constrained shortest path problem is usually solved by labeling The algorithm uses strong branching in order to decide which arc to branch on. 14 A number, γ, of branching candidates are evaluated by enforcing the branch and computing the resultant improvement in the lower bounds (∆ 1 and ∆ 2 ) in the two child nodes. Following [25] , the algorithm chooses the branch that
where 0 ≤ µ ≤ 1 is a parameter.
279
The H-B&P stops until all the nodes in the search tree are explored. Since the variable p i ∈ N , which indicates the node immediately before node i ∈ N .
306
The speed used to reach node i from its preceding node p i is decided by the 
Constraint (27) 
371
For each i ∈ N the optimalSpeed (v i , l i , s i , r i ) filters the domain of the v i variables as follows:k
(45)
(46)
Similarly, costFunc(c i , v i , l i , r i ) filters the domain of the c i variables as fol-
whereδ i andδ i are respectively the longest and shortest distance to from the 372 previous node in the sequence (e.g.δ i = max j∈Dom(pi) d ij ). 
Search strategy
374
The model is solved using a dynamic branching that attempts at building 
Computational Results
388
This section presents the computational results of both solution methods on 
Data
397
Our instances contain cargoes that originate from 4-7 ports, whose geograph-398 ical locations are illustrated in Figure 1 . Distances between ports (in nautical 399 miles) are taken from LinerLIB, a benchmark suite for liner shipping network 400 design described in [29] , and they are presented in Table 2 .
401
The number and size of the cargoes for each instance group are randomly 402 defined. Table 3 presents the number of cargoes and ports used in each group.
403
In each scenario there are up to 3 vessels that can be used, the size of which the fuel consumption at the maximum speed as well as the freight rate (the 408 per day price which a charterer pays a shipowner for the use of each ship) are 409 presented in Table 4 3 .
410
The fuel consumption per leg (for each ship) is calculated by using (1). In 411 our instances we assume a cubic relationship between fuel consumption and 412 speed, that is we set P = 0 and T = 3. By assuming the above, we are able to 413 calculate the value of G that is in formula (1) , such that at full capacity and at 414 the maximum speed, the fuel consumption is equal to the "fuel consumption at 415 3 The data of Table 4 are illustrative but realistic. They are drawn from various sources at the authors disposal, including private communication with industry contacts. The ships span the lower end of the containership size spectrum and we thought they would be a good example to test the models developed in the paper.
Instance group ID G1 G2 G3 G4 G5 G6 G7 G8 max speed" that is given in Table 4 .
416
In order to estimate the bunker costs a base value of U equal to 300 $ per 417 ton fuel is assumed.
418
As described in Section 3, the total inventory cost is also taken into account.
419
Two types of inventory cost are assumed in this paper, in-transit inventory cost 420 (β, which accrues from time cargo is on the ship until cargo is delivered) and 421 port inventory cost (α, which accrues from time 0 until cargo is on the ship).
422
In the general case, we assume that β is related to cargo value. If the market as an annual interest rate). This loss will be in terms of lost income due to 427 the delayed sale of the cargo. Therefore, it is straightforward to see that β = 428 p · r/365. We assume that the cargo owner's cost of capital is equal to r = 5%.
429
In the base scenario we also assume an average cargo value of 10.950 $ per ton The result for the G3 4 instance is depicted in Figure 2 . We also provide 444 details of the found solution in Tables 5, 6 It is important to realize that different objective functions will generally better overview we present, in Table 8 , the solutions to all four variants. For 484 each variant, the total sailing distance, the total sailing time, the total cost, 485 the total amount of fuel consumed, the total chartering cost, the total port 486 inventory cost and the total in-transit inventory cost over all the routes in the 487 25 solution are given.
488
As we can see in Table 8 , in the minimum total trip time scenario the large 489 ship is only deployed and sails the minimum total distance at the maximum 490 speed, thus, the total sailing time is the least one (15.5 days) under this scenario.
491
The reason this ship is chosen is that its maximum speed is the highest, among 492 all ship types. On the other extreme side, one vessel is used again under the 493 minimum emissions scenario sailing at the slowest speed for a total of 64.6 days.
494
This is the smallest ship which has the lowest, among all ships, fuel consumption,
495
and the solution would have that ship alone serve all cargoes using as much time
496
as it would take.
497
In the quest for environmentally optimal solutions, one might actually as- is not necessarily the case as the fuel consumption also depends on the payload.
501
In this instance, the solution that gives the minimum emissions actually has a 502 total distance traveled that is longer than those under the other three objectives.
503
In the minimum cost scenarios, both when the port inventory cost is zero 504 and in the general case, it seems that the sailing speeds are high due to the high 505 inventory costs.
506
min total trip time min emission min total cost (JIT) min total cost 
Sensitivity Analysis
520
To investigate how the fuel price, charter rate and inventory cost affect the 521 solution, we have tested instance G3 4 with different inputs of these parameters.
522
The solution values over these instances are given in Table 10-Table 12 . Table 10 523 provides the results when the fuel price varies from 100 $ per ton to 1300 $ per 524 ton. Table 11 In-transit inv. 
